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ØÓÖµ �Ò� gj(u) Ö�ÔÖ�×�ÒØ×
ÓÒ� Ó� Ø�� n ÒÓÒ¹Ô�Ò�ØÖ�Ø�ÓÒ ÓÒ×ØÖ��ÒØ× Ø��Ø �Ò �� ���Ò�� �×�
• gj(u) < 0� Ø�� �Ó���× �Ö� ×�Ô�Ö�Ø���
• gj(u) = 0� Ø�� �Ó���× �Ö� �Ò ÓÒØ�Ø�
• gj(u) > 0� Ø��Ö� �× Ô�Ò�ØÖ�Ø�ÓÒ ��ØÛ��Ò Ø�� �Ó���×º
Ì�� ØÓØ�Ð ÔÓØ�ÒØ��Ð �Ò�Ö�Ý Π(u) �ÓÖ Ø�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ ��ØÛ��Ò ØÛÓ �Ð�×Ø�
�Ó���× ×Ù���Ø�� ØÓ ×Ñ�ÐÐ ���ÓÖÑ�Ø�ÓÒ× �Ò� ×Ñ�ÐÐ ��×ÔÐ��Ñ�ÒØ× ´×Ø�Ø� ÔÖÓ�¹
Ð�Ñ×µ �Ò �� ��×Ö���� �×�
Π(u) = ΠA(u)+ΠB(u) =
1
2
�
uA
uB
�t �
KA 0
0 KB
��
uA
uB
�
−
�
fA
fB
�t�
uA
uB
�
´¾µ
Û��Ö� Ki �× ×Ø��Ò�×× Ñ�ØÖ�Ü¸ ui �× Ø�� ��×ÔÐ��Ñ�ÒØ ��Ð�¸ fi �× Ø�� �ÜØ�ÖÒ�Ð �ÓÖ�¸
i Ö�ÔÖ�×�ÒØ× �Ò �Ð�×Ø� �Ó�Ý ´i = A ÓÖ i = Bµ �Ò� t ��ÒÓØ�× Ñ�ØÖ�Ü ØÖ�Ò×ÔÓ×�Ø�ÓÒº
�ÓÖ ÓÒÚ�Ò��Ò�¸ Ø��×� Ú�Ö���Ð�× �Ö� ×�ÑÔÐ���� ØÓ K¸ u � f �ÖÓÑ ÒÓÛº Ì�Ù×¸ Ø��
ØÓØ�Ð ÔÓØ�ÒØ��Ð �Ò�Ö�Ý �× ��Ú�Ò �Ý�
Π(u) = 1
2
u
t
Ku− f tu ´¿µ
Ë�Ú�Ö�Ð ÓÒ×ØÖ��Ò�� Ñ�Ò�Ñ�Þ�Ø�ÓÒ �Ð�ÓÖ�Ø�Ñ× �Ò �� Ù×�� ØÓ ×ÓÐÚ� Ø�� ÔÖÓ�¹
Ð�Ñ Ó� �Õº ´½µ ×Ù� �× Ø�� È�Ò�ÐØÝ Å�Ø�Ó�¸ Ø�� Ä��Ö�Ò�� ÅÙÐØ�ÔÐ��Ö× Å�Ø�Ó�
�Ò� Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò Å�Ø�Ó�º Ì�� Ö�×ÙÐØ× ÔÖ�×�ÒØ�� �Ò Ø��× Ô�Ô�Ö
�Ö� ��×�� ÓÒ Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò Å�Ø�Ó� �ÓÖ��Ò� ØÓ Ø�� �ÆË�Ë �Ñ¹
ÔÐ�Ñ�ÒØ�Ø�ÓÒº Ì��× Ð���× ØÓ Ø�� Ö�ÕÙ�Ö�Ñ�ÒØ Ó� ×�ØØ�Ò� ×ÓÑ� ÓÒØ�Ø Ô�Ö�Ñ�Ø�Ö×
Ø��Ø �Ö� ��×Ö���� �Ò Ø�� Ò�ÜØ ×Ù�×�Ø�ÓÒ× ØÓ��Ø��Ö Û�Ø� � �Ö��� ��×Ö�ÔØ�ÓÒ Ó�
Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÓÖÑÙÐ�Ø�ÓÒº
¾º¾º �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò ÓÒØ�Ø �Ð�ÓÖ�Ø�Ñ
Ì�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò Å�Ø�Ó� �× ÓÒ×���Ö�� �× � �Ý�Ö�� Ñ�Ø�Ó� Ó� Ä�¹
�Ö�Ò�� ÅÙÐØ�ÔÐ��Ö× Ñ�Ø�Ó� �Ò� È�Ò�ÐØÝ Ñ�Ø�Ó�º �ÓÖ ÑÓÖ� ��Ø��Ð× ��ÓÙØ Ø��×�
�Ð�ÓÖ�Ø�Ñ×¸ Ö���Ö ØÓ �½¾℄ �ÓÖ �Ò×Ø�Ò�º Ì�� ÓÒØ�Ø ÓÒ×ØÖ��ÒØ× �Ö� ÓÒ×���Ö�� �Ò
Ø��× �ÓÖÑÙÐ�Ø�ÓÒ Ù×�Ò� Ô�Ò�Ð�Þ�Ò� Ó����ÒØ× �Ò� Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö×¸ Ô�Ò�Ð�Þ¹
�Ò� Ø�� ÒÓÒ¹Ô�Ò�ØÖ�Ø�ÓÒ Ö�×ØÖ�Ø�ÓÒ× Ú�ÓÐ�Ø�ÓÒ× �Ò Ø�� ×�Ñ� �ÓÖÑ Ó� Ø�� È�Ò�ÐØÝ
�
Ñ�Ø�Ó�¸ �Ò� ×ÓÐÚ�Ò� Ø�� ÓÒ×ØÖ��Ò�� Ñ�Ò�Ñ�Þ�Ø�ÓÒ ÔÖÓ�Ð�Ñ Ø�ÖÓÙ�� Ø�� ×ÓÐÙ¹
Ø�ÓÒ Ó� ×�ÕÙ�ÒØ��Ð ÙÒÓÒ×ØÖ��Ò�� Ñ�Ò�Ñ�Þ�Ø�ÓÒ ÔÖÓ�Ð�Ñ× Û�Ø� Ø�� ÙÔ��Ø�Ò� Ó�
Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö× �Ò Ø�� ×ÓÐÙØ�ÓÒ ÔÖÓ�××º
Ì�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÙÒØ�ÓÒ �× ��Ú�Ò �Ý�
Laum = Π(u) + λtg(u) +
1
2
r[g(u)]2+ ´�µ
Û��Ö� [x]+ Ö�ÔÖ�×�ÒØ× max(0, x)¸ r �× Ø�� Ô�Ò�Ð�Þ�Ò� Ó����ÒØ �Ò� g(u) =
[g1(u), g2(u), . . . , gn(u)] �× Ø�� ÓÒ×ØÖ��ÒØ Ú�ØÓÖ �Ò� λ �× Ø�� Ä��Ö�Ò�� ÑÙÐ¹
Ø�ÔÐ��Ö× Ú�ØÓÖº ÁØ �× ��×Ý ØÓ Ú�Ö��Ý Ø��Ø Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÙÒØ�ÓÒ
�ÒÓÖÔÓÖ�Ø�× � Ô�Ò�Ð�Þ�Ø�ÓÒ Ø�ÖÑ �Ò� � Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö Ø�ÖÑº
Ì�� �Ö����ÒØ Ó� Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÙÒØ�ÓÒ �× ��Ú�Ò �Ý�
∇Laum = ∇Π(u) + λt∇g(u) + r[g(u)]+∇g(u) ´�µ
Û��� �ÐÐÓÛ× ØÓ Ú�Ö��Ý Ø��Ø �Ø Ø�� ÓÔØ�ÑÙÑ ÔÓ�ÒØ u
⋆
¸ Ø�� Ô�Ò�ØÖ�Ø�ÓÒ Ö�×ØÖ�Ø�ÓÒ
�ÙÐ�ÐÐ× g(u⋆) = 0º ÁÒ Ø��× �×� Û� ��Ú��
∇Laum = ∇Π(u⋆) + λt∇g(u⋆) = 0, ∀r ´�µ
Û��� ×�Ø�×��× Ø�� Ã�ÖÙ×�¹ÃÙ�Ò¹ÌÙ��Ö ÓÒ��Ø�ÓÒ× �½¾℄º À�Ò�¸ Ø�� Ô�Ò�Ð�Þ�Ò�
Ó����ÒØ �× ÒÓØ Ö�ÕÙ�Ö�� ØÓ Ö��� �Ü�××�Ú� Ñ��Ò�ØÙ��¸ ×�Ò� r ��× ÒÓ �Ò�Ù�Ò�
�Ò Ø�� ÓÔØ�Ñ�Ð�ØÝ ÓÒ��Ø�ÓÒ ∇Laum = 0º Ì��× �× � Ö�Ó�Ò�Þ�� ��Ú�ÒØ��� Ó� Ø��
�Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò Å�Ø�Ó� ÓÚ�Ö Ø�� Ð�××��Ð È�Ò�ÐØÝ Å�Ø�Ó�º
Ì�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ �ÓÖÑÙÐ�Ø�� �× Ø�� Ñ�Ò�Ñ�Þ�Ø�ÓÒ ÔÖÓ�Ð�Ñ
Ó� �Õº ´½µ Ù×�Ò� Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÒÚÓÐÚ�× Ø�� Ñ�Ò�Ñ�Þ�Ø�ÓÒ Ó� Ø��
�Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÙÒØ�ÓÒ Ó� �Õº ´�µº ÁÒ Ø��× �×�¸ Ø�� Ô�Ò�ÐØÝ Ó����ÒØ×
�Ò� Ø�� Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö× �Ö� ÙÔ��Ø�� �Ò ÓÖ��Ö ØÓ ����Ú� Ø�� ×ÓÐÙØ�ÓÒº Ì��
Ô�Ò�ÐØÝ Ø�ÖÑ Ð���× ØÓ � ×Ø��Ò�×× Ø�ÖÑ¸ ���Ø�Ò� Ø�� ×Ø��Ò�×× Ñ�ØÖ�Ü¸ �Ò� Ø��
Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö Ø�ÖÑ ���Ø× Ø�� ÐÓ�� Ú�ØÓÖº Ì��× �Ò �� Ú�Ö���� Ø�ÖÓÙ��
Ø�� ×�ÓÒ� ��Ö�Ú�Ø�Ú� Ó� Ø�� �Õº ´�µº ÁÒ Ø��× �×�¸ Ø�� Ô�Ò�ÐØÝ Ó����ÒØ �Ò
�� �ÒØ�ÖÔÖ�Ø�� �× Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�××¸ Ò�Ñ�� �Ò �ÆË�Ë �Ý Ø�� ÒÓÖÑ�Ð
ÓÒØ�Ø ×Ø��Ò�×× Knº Ì�� ÓÒØ�Ø Ô�Ò�ØÖ�Ø�ÓÒ ÓÒ×ØÖ��ÒØ× �Ò �Ð×Ó �� Ö�Ð�Ø��
ØÓ � ×Ô��� Ô�Ö�Ñ�Ø�Ö �ÐÐ�� TOLN º Ì��×� ØÛÓ Ô�Ö�Ñ�Ø�Ö× �Ö� ��×Ö���� �Ò
�ÙÖØ��Ö ×Ù�×�Ø�ÓÒ×º
Ì�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ ×ÓÐÙØ�ÓÒ Ù×�Ò� Ø��×� ÓÒ�ÔØ× �ÒÚÓÐÚ�× ×Ù�××�Ú� Ñ�Ò¹
�Ñ�Þ�Ø�ÓÒ Ó� Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò �ÙÒØ�ÓÒº Ì��× Ö���Ø× �Ò � Ò�Û �ÕÙ�¹
Ð��Ö�ÙÑ �ÕÙ�Ø�ÓÒ ��×�� ÓÒ Ø�� ÒÙÐÐ �Ö����ÒØ ÓÒ��Ø�ÓÒ �Ò� �Ò Ô�Ò�ÐØÝ Ó����ÒØ
�Ò� Ä��Ö�Ò�� ÅÙÐØ�ÔÐ��Ö× ÙÔ��Ø�Ò� �Ò ��� �Ø�Ö�Ø�ÓÒº
�
ÁÒ �ÆË�Ë �½℄¸ Ø�� ÓÒØ�Ø ÔÖ�××ÙÖ� P �Ò Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò Å�Ø�Ó�
�× ���Ò�� �Ý�
P =
�
0, if g < 0
Kng + λi+1, if g ≥ 0
´�µ
�Ò� Ø�� ÑÙÐØ�ÔÐ��Ö λi+1 �× ×Ø�Ø�� �Ý�
λi+1 =
�
λi +Kng, if |g| > TOLN
λi, if |g| < TOLN
´�µ
Û��Ö� i ��ÒÓØ�× Ø�� ×Ô��� �Ø�Ö�Ø�ÓÒº Á� Ø�� Ô�Ò�ØÖ�Ø�ÓÒ g �× ÒÓØ ×ÙÔ�Ö�ÓÖ ØÓ Ø��
Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ñ�Ø¸ Ø�� Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö× Û�ÐÐ ÒÓØ �� ÙÔ��Ø��º
�ÕÙ�Ø�ÓÒ× ´�µ �Ò� ´�µ Ö���Ø× Ø�� �ÆË�Ë Ô�Ò�ÐØÝ Ó����ÒØ �Ò� Ä��Ö�Ò��
ÅÙÐØ�ÔÐ��Ö× ×ØÖ�Ø����× Ó� ÙÔ��Ø�×¸ ���ØÙÖ�Ò� Ø�� ×Ô��� ×Ó�ØÛ�Ö� �ÑÔÐ�Ñ�ÒØ�¹
Ø�ÓÒº Ì�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ �Ò �� �ÒÓÖÔÓÖ�Ø�� �Ò Ø�� ÔÓØ�ÒØ��Ð �ÙÒØ�ÓÒ¸ �Ý
����Ò� Ø�� ÓÒØ�Ø Ø�ÖÑ× �Ò Ø�� Ñ��Ò ����ÓÒ�Ð Ó� Ø�� �ÐÓ��Ð ×Ø��Ò�×× Ñ�ØÖ�Ü �Ò
Ø�� �×� Ó� Ø�� �Ù�Ñ�ÒØ�� Ä��Ö�Ò���Ò Å�Ø�Ó�º Ì��×� Ø�ÖÑ× �Ö� ���Ù×Ø�� �Ý
Ø�� Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ú�Ð Ó� ��� �Ø�Ö�Ø�ÓÒ �Ò Ø�� �Ò�Ø� �Ð�Ñ�ÒØ �Ò�ÐÝ×�×º ÇØ��Ö ÓÒ¹
Ø�Ø �Ð�ÓÖ�Ø�Ñ×¸ �× Ø�� Ä��Ö�Ò���Ò ÑÙÐØ�ÔÐ��Ö Ñ�Ø�Ó�¸ Ö�ÓÖ��Ò�Þ�× Ø�� ×Ø��Ò�××
Ñ�ØÖ�Ü �Ò ÓÖ��Ö ØÓ �ÒÓÖÔÓÖ�Ø� Ø�� Ä��Ö�Ò�� ÑÙÐØ�ÔÐ��Ö×º
¾º¿º ÆÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ´Knµ
Ì�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× �× ÓÒ� Ó� Ø�� ÑÓ×Ø �ÑÔÓÖØ�ÒØ Ô�Ö�Ñ�Ø�Ö× �Ò
Ø�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ¸ ×�Ò� �Ø �× Ö�×ÔÓÒ×��Ð� �ÓÖ Ø�� �ÐÐÓÛ�� Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ú�Ð Ó�
Ø�� �Ó���× �Ò ÓÒØ�Øº ÁÒ �ÆË�Ë¸ Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× �× ×�Ð�Ø�� �Ý
Ø�� Ù×�Ö �Ò ØÛÓ ÔÓ××���Ð�Ø��×� ½µ �× � ×Ø��Ò�×× ��ØÓÖ kn¸ Û��� �Ø× �× � ×�Ð�
Ô�Ö�Ñ�Ø�Ö Ó� Ø�� ÓÒØ�Ø ×Ø��Ò�×× Kn¸ ÓÖ ¾µ �Ý ×Ô���Ý�Ò� Ø�� Ñ��Ò�ØÙ�� Ó� Ø��
ÓÒØ�Ø ×Ø��Ò�×× Kn ��Ö�ØÐÝº Í×Ù�ÐÐÝ¸ Ø�� ��Ø�ÖÑ�Ò�Ø�ÓÒ Ó� Ø�� ÓÖÖ�Ø Ú�ÐÙ� Ó�
Ø��× Ô�Ö�Ñ�Ø�Ö �ÓÖ ��� ÓÒØ�Ø ÔÖÓ�Ð�Ñ �× ÒÓØ �Ú���ÒØ¸ �Ò� �Ø �× ÑÓÖ� �ÒØÙ�Ø�Ú�
ØÓ Ù×� Ø�� ×�Ð� ��ØÓÖ kn �Ò ÓÖ��Ö ØÓ Ö��ÙÐ�Ø� Ø�� Ð�Ú�Ð Ó� Knº �ÆË�Ë �ÐÙÐ�Ø�×
Ø�� Ú�ÐÙ� Ó� Kn Ø�ÖÓÙ�� ×ÓÑ� Ô�Ö�Ñ�Ø�Ö× �× Ø�� �ÓÙÒ� ÑÓ�ÙÐÙ×¸ Ø�� ÓÒØ�Ø
�Ö��¸ �Ò� Ø�� ×�Ð� ��ØÓÖ knº
�ÓÖ ���� Ú�ÐÙ�× Ó� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�××¸ Ø��Ö� Û�ÐÐ �� � ×Ñ�ÐÐ Ô�Ò�¹
ØÖ�Ø�ÓÒº ÀÓÛ�Ú�Ö¸ Ú�ÐÙ�× ØÓÓ Ð�Ö�� �Ò �Ù×� ÒÙÑ�Ö��Ð �ÐÐ¹ÓÒ��Ø�ÓÒ�Ò� Ó� Ø��
×Ø��Ò�×× Ñ�ØÖ�Üº ÁØ �× ��×�Ö��Ð� ØÓ �Ò� �Ò �ÔÔÖÓÔÖ��Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��¹
Ò�×× ×Ó Ø�� �Ò�Ð Ô�Ò�ØÖ�Ø�ÓÒ �× ×Ñ�ÐÐ �Ò� �Ó�× ÒÓØ �Ò�Ù�Ò� Ø�� �Ò�ÐÝ×�× Ö�×ÙÐØ
Ò���Ø�Ú�ÐÝº
¾º�º È�Ò�ØÖ�Ø�ÓÒ Ð�Ñ�Ø ´TOLNµ
Á���ÐÐÝ¸ Ø��Ö� ×�ÓÙÐ� �� ÒÓ Ô�Ò�ØÖ�Ø�ÓÒ ��ØÛ��Ò Ø�� ÓÒØ�Ø �Ó���×¸ ���Ù×�
�Ø ��Ö�Ø�Ö�Þ�× � Ú�ÓÐ�Ø�ÓÒ Ó� Ø�� Ô�Ý×�× Ö�×ØÖ�Ø�ÓÒ×º Æ�Ú�ÖØ��Ð�××¸ Ø�� ÑÓ×Ø
�
Ù×Ù�Ð ÒÙÑ�Ö��Ð Ø��Ò�ÕÙ�× �Ò Ø�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ ×ÓÐÙØ�ÓÒ¸ ×Ù� �× Ô�Ò�ÐØÝ
��×�� Ñ�Ø�Ó�×¸ ÑÙ×Ø �ÑÔÐÝ �Ò ×Ñ�ÐÐ Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ú�Ð×º Ì�� Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ñ�Ø
�× �ÑÔÐÓÝ�� ØÓ ÕÙ�ÒØ��Ý Ø�� ��ÔØ��Ð� Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ú�Ð Ó� Ø�� ÓÒØ�Ø �Ó���×
ÓÒ�Ó�ÒØÐÝ ØÓ Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�××º
Ì�� TOLN Ô�Ö�Ñ�Ø�Ö �× �××Ó��Ø�� ØÓ Ø�� ×ÙÖ��� ÒÓÖÑ�Ð ��Ö�Ø�ÓÒ¸ �Ò� �Ø
��Ô�Ò�× ÓÒ Ø�� ��ÔØ� Ó� Ø�� �Ò�Ø� �Ð�Ñ�ÒØ �����ÒØ ØÓ Ø�� ÓÒØ�Ø �Ð�Ñ�ÒØº Ì��
��ÔØ� �× ���Ò�� �Ý h �Ò� �× �Ü�ÑÔÐ���� �Ò ���ÙÖ� ½º Ì�� �ÐÐÓÛ��Ð� Ô�Ò�ØÖ�Ø�ÓÒ
TOLN �× Ø�� ÔÖÓ�ÙØ Ó� Ø�� Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ñ�Ø ��ØÓÖ FTOLN ´���Ò�� �Ý Ø��
Ù×�Öµ �Ý Ø�� �Ú�Ö��� ��ÔØ� h Ó� Ø�� �����ÒØ �Ò�Ø� �Ð�Ñ�ÒØº Á� Ô�Ò�ØÖ�Ø�ÓÒ
�× �����Ö Ø��Ò Ø�� �×Ø��Ð�×��� Ð�Ñ�Ø¸ Ø�� ×ÓÐÙØ�ÓÒ �× ÓÒ×���Ö�� �Ò�ÔÔÖÓÔÖ��Ø�º
�ÐØ�ÖÒ�Ø�Ú�ÐÝ¸ Ø�� ��×�Ö��Ð� TOLN Ú�ÐÙ� �Ò �� ×Ô����� ��Ö�ØÐÝ �Ý Ø�� Ù×�Öº
��Ò�Ø� �Ð�Ñ�ÒØ
��ÔØ�
�ÓÒØ�Ø �Ð�Ñ�ÒØ
�
���ÙÖ� ½� ���Ò�Ø�ÓÒ Ó� Ø�� �Ð�Ñ�ÒØ ��ÔØ� hº
Ì�� Ù×� Ó� Ø�� FTOLN ��ØÓÖ �Ò �� ÑÓÖ� ��Ú�ÒØ���ÓÙ× Ø��Ò ×Ô���Ý�Ò�
� Ñ�Ü�ÑÙÑ Ð�Ú�Ð Ó� Ô�Ò�ØÖ�Ø�ÓÒº �ÓÖ Ó�Ö×� Ñ�×��× Û�Ø� Ð�Ö��Ö �Ò�Ø� �Ð�Ñ�ÒØ
×�Þ�¸ Ø�� �ÐÙÐ�Ø�� Ô�Ò�ØÖ�Ø�ÓÒ Û�Ø� FTOLN Û�ÐÐ �� ÔÖÓÔÓÖØ�ÓÒ�ÐÐÝ Ð�Ö��Öº
�ÓÖ Ö��Ò�� Ñ�×��×¸ Û�Ø� Ö��Ù�� �Ò�Ø� �Ð�Ñ�ÒØ ×�Þ�¸ FTOLN Û�ÐÐ ��Ò�Ö�Ø� �
Ö��Ù�� Ð�Ú�Ð Ó� Ô�Ò�ØÖ�Ø�ÓÒº
¿º Ì�� ���¹ÔÖÓÔ���Ø�ÓÒ �ÆÆ
Ì�� ×ØÙ�Ý Ó� Ø�� �ÆÆ �× �Ò×Ô�Ö�� �Ò Ø�� �ÙÒØ�ÓÒ�Ò� Ó� Ø�� �ÙÑ�Ò �Ö��Ò¸
Û��� �× Ú�ÖÝ ����ÒØ ØÓ ÔÖÓ�×× �Ò�ÓÖÑ�Ø�ÓÒº �ÑÓÒ�×Ø ×ÓÑ� ��Ö�Ø�Ö�×Ø�×¸
����¹ÓÑÔÐ�Ü�ØÝ¸ ÒÓÒ¹Ð�Ò��Ö�ØÝ �Ò� Ô�Ö�ÐÐ�Ð ÔÖÓ�××�Ò� �Ö� �Ö��Ò ���ØÙÖ�×º �
Ò�ÙÖÓÒ �× �Ô��Ð� Ó� Ö��Ð�Þ�Ò� ÓÑÔÐ�Ü ÓÔ�Ö�Ø�ÓÒ× Ð��� Ô�ØØ�ÖÒ �Ò� �Ñ���× Ö�Ó�¹
Ò�Ø�ÓÒ �Ò� �× �Ô��Ð� Ó� Ð��ÖÒ�Ò� �ÖÓÑ �Ø× �ÒÚ�ÖÓÒÑ�ÒØ ��℄º
�Ò �ÆÆ �× � ×Ý×Ø�Ñ Ñ��� �Ý ÒÙÑ�ÖÓÙ× ×�ÑÔÐ� ×ØÖÙØÙÖ� ÙÒ�Ø× �ÐÐ�� Ò�Ù¹
ÖÓÒ×¸ �ÖÖ�Ò��� �Ò � Ð�Ý�Ö�� ×ØÖÙØÙÖ�º È�ÖØ�ÙÐ�Ö ÔÖÓÔ�ÖØ��× Ó� Ø�� �ÆÆ �Ö�
ÔÖÓ�××�Ò� �Ò�ÓÖÑ�Ø�ÓÒ �Ò Ô�Ö�ÐÐ�Ð �Ò� Ð��ÖÒ�Ò� �Ý �ÜÔ�Ö��Ò� ���ØÙÖ�¸ Û��� �Ð¹
ÐÓÛ× Ø�� �ÆÆ ØÓ Ö�¹ÙØ�Ð�Þ� Ø�� �ÕÙ�Ö�� �ÜÔ�Ö��Ò�º Ì�� �ÆÆ �Ò �� ØÖ��Ò��
�
ØÓ ÔÐ�Ý � ×Ô��� �ÙÒØ�ÓÒ Ø�ÖÓÙ�� Ø�� ���Ù×ØÑ�ÒØ ��ØÛ��Ò Ø�� Ò�ÙÖÓÒ× ÓÒ¹
Ò�Ø�ÓÒ×º Ì�� Ò�ÙÖÓÒ× Ö���Ú�× Ø�� �Ò�ÓÖÑ�Ø�ÓÒ �ÖÓÑ ×�Ú�Ö�Ð ×ÓÙÖ�×¸ Ø��Ò Ø��Ý
ÓÑ��Ò� �Ò� ÔÖÓÔ���Ø� Ø�� �Ò�ÓÖÑ�Ø�ÓÒ �ÓÖÛ�Ö� �Ò Ø�� Ò�ØÛÓÖ�º
Ì�� ���¹ÔÖÓÔ���Ø�ÓÒ �ÆÆ �× ÓÒ� Ó� Ø�� Ñ��Ò Ù×�� �Ð�ÓÖ�Ø�Ñ× �Ò ÑÙÐØ�Ð�Ý�Ö
Ò�ØÛÓÖ�×º ���¹ÔÖÓÔ���Ø�ÓÒ �ÆÆ �Ò Ù×� ÒÓÒÐ�Ò��Ö �Ø�Ú�Ø�ÓÒ �ÙÒØ�ÓÒ �Ò Ø��
Ò�ÙÖÓÒ×¸ �ÐÐÓÛ�Ò� � ��ØØ�Ö ÑÓ��Ð ØÓ �� Ó�Ø��Ò�� Û�Ø� Ð�×× Ò�ÙÖÓÒ× Ô�Ö Ð�Ý�Öº
�Ð×Ó¸ � ÒÙÑ��Ö Ó� �����Ò Ð�Ý�Ö× �× ÔÖ�×�ÒØ¸ Ô�ÖÑ�ØØ�Ò� Ø�� Ò�ØÛÓÖ� ØÓ �Ü�ÙØ�
ÑÓÖ� ÓÑÔÐ��Ø�� Ø�×�×º Ì�� �����Ö ÒÙÑ��Ö Ó� �ÒØ�ÖÓÒÒ�Ø�ÓÒ× ��ØÛ��Ò Ø��
Ò�ÙÖÓÒ×¸ Ø�� �����Ö Ø�� ÓÑÔÐ�Ü�ØÝ Ó� Ø�� Ò�ØÛÓÖ�¸ Û��� Ñ�Ý ÔÖÓÚ��� � ��ØØ�Ö
�ÒØ�ÖÔÓÐ�Ø�� ÑÓ��Ðº Æ�Ú�ÖØ��Ð�××¸ �Ø ��ÓÑ�× ÑÓÖ� �� ÙÐØ ØÓ ��×Ö��� Ø�� Ò�Ø¹
ÛÓÖ� ����Ú�ÓÖ Ñ�Ø��Ñ�Ø��ÐÐÝº ���ÙÖ� ¾ Ö�ÔÖ�×�ÒØ× � ØÝÔ��Ð ���¹ÔÖÓÔ���Ø�ÓÒ
�ÆÆº Ì�� Ù×Ù�Ð ÒÓØ�Ø�ÓÒ ØÓ Ø�� ÐÓ�Ø�ÓÒ× Ó� Ò�ÙÖÓÒ× ´ÓÖ Ð�Ý�Ö×µ Ó� Ø�� �ÆÆ
ÓÒ×���Ö× Ø�� Ò�ÙÖÓÒ i �× Ð��Ø ØÓ Ò�ÙÖÓÒ j¸ Û��� �× Ð��Ø ØÓ Ò�ÙÖÓÒ kº
q1
q2
wj1
wj2
vj yj
ϕ(vj) wk1
wk2
vk1
vk2
ϕ(vk1)
ϕ(vk2)
yk1
yk2
Ð�Ý�Ö
Ð�Ý�Ö
Ð�Ý�Ö
�ÒÔÙØ
�����Ò
ÓÙØÔÙØ
�
���ÙÖ� ¾� Ë��Ñ� Ó� Ø�� � ���¹ÔÖÓÔ���Ø�ÓÒ �ÆÆº
Ì�� Ú�Ö���Ð�× �Ò ���ÙÖ� ¾ �Ö��
• qj = [q1, q2, . . . , ql]� Ò�ÙÖÓÒ �ÒÔÙØ Ú�ØÓÖº ÁØ �Ò �� Ø�� Ò�ØÛÓÖ� �ÒÔÙØ ÓÖ
�ÒÓØ��Ö Ò�ÙÖÓÒ ÓÙØÔÙØ�
• wji = [w1, w2, . . . , wl]� Ò�ÙÖÓÒ× ×ÝÒ�ÔØ� Ñ�ØÖ�Ü ´Û����Ø Ñ�ØÖ�Üµº Ì��
ÒÓØ�Ø�ÓÒ wji �××Ó��Ø�× Ø�� ÓÙØÔÙØ Ó� Ò�ÙÖÓÒ i Û�Ø� Ø�� �ÒÔÙØ Ó� Ò�ÙÖÓÒ j�
• vj � ×ÙÑÑ�Ø�ÓÒ Ó� �ÐÐ Û����Ø× ÑÙÐØ�ÔÐ��� �Ý Ø�� �ÒÔÙØ�
• ϕ(vj)� �Ø�Ú�Ø�ÓÒ �ÙÒØ�ÓÒ�
• yj � Ò�ÙÖÓÒ ÓÙØÔÙØº
Ì�� ØÖ��Ò�Ò� ÖÙÐ� �× ��×�� ÓÒ Ø�� Ñ�Ò�Ñ�Þ�Ø�ÓÒ Ó� Ø�� Ò�ØÛÓÖ� �ÖÖÓÖ ��℄º ÁØ
�× ��×�Ö��Ð� ØÓ Ñ�Ò�Ñ�Þ� Ø�� Ñ��Ò ×ÕÙ�Ö� �ÖÖÓÖ ´ÅË�µ Ó� Ø�� Ò�ØÛÓÖ� �Ò� Ø��
�ÜÔ�Ø�� ÓÙØÔÙØ Ó� Ø�� ØÖ��Ò�Ò� ×�Ø �Ò �ÙÒØ�ÓÒ Ó� Ø�� ÓÔØ�Ñ�Þ�Ø�ÓÒ Ú�Ö���Ð�×
´�ÆÆ Û����Ø× wjiµº Ì�� �ÖÖÓÖ �× �ÐÙÐ�Ø�� ÓÒÐÝ �ÓÖ Ø�� ÑÓ×Ø �ÜØ�ÖÒ�Ð Ð�Ý�Ö¸
Ø��Ö��ÓÖ� � ÖÙÐ� Ø��Ø ÙÔ��Ø� �ÐÐ Ø�� Û����Ø× �ÓÖ �ÐÐ Ð�Ý�Ö× ÑÙ×Ø �� �ÑÔÐ�Ñ�ÒØ��º
�
Ì�� ���¹ÔÖÓÔ���Ø�ÓÒ Ð��ÖÒ�Ò� ÖÙÐ� ÓÒ×�×Ø× Ó� ØÛÓ ×Ø�Ô×� � �ÓÖÛ�Ö� ×Ø�Ô¸ Û��Ö�
Ø�� �ÆÆ Û����Ø× �Ö� �Ü�� �Ò� Ø�� �ÒÔÙØ �Ó�× Ø�ÖÓÙ�� Ø�� �ÒØ�Ö� �ÆÆº Ì��Ò¸
� ���Û�Ö� ×Ø�Ô �× �Ü�ÙØ��¸ Ù×�Ò� � Ð��ÖÒ ÖÙÐ� ØÓ ÙÔ��Ø� Ø�� �ÆÆ Û����Ø×º
Ì�� �ÖÖÓÖ ej(n) Ó� Ø�� ÓÙØÔÙØ Ò�ÙÖÓÒ j �Ò �Ø�Ö�Ø�ÓÒ n �× ��Ú�Ò �Ý�
ej(n) = tj(n)− yj(n) ´�µ
Ì�� ÅË� �× ���Ò�� �Ý Ø�� ×ÙÑ Ó� �ÐÐ Ø�� ÕÙ��Ö�Ø� �ÖÖÓÖ×
1
2e
2
j(n) �ÓÖ �ÐÐ Ø��
M Ò�ÙÖÓÒ× Ó� Ø�� ÓÙØÔÙØ Ð�Ý�Ö¸ �ÓÖ �Ú�ÖÝ N �ÒÔÙØ Ó� Ø�� ØÖ��Ò�Ò� ×�Øº Ì�� ÅË�
�× ���Ò�� �×�
ǫ(n) = 1
2N
N
�
n=1
M
�
j=1
e2j(n) ´½¼µ
�ÖÓÑ ��℄¸ �ÔÔÐÝ�Ò� Ø�� ���Ò ÖÙÐ�¸ Û� Ó�Ø��Ò Ø�� �ÓÐÐÓÛ�Ò� Ö�Ð�Ø�ÓÒ �ÓÖ Ø��
ÓÙØÔÙØ Ð�Ý�Ö�
∂ǫ(n)
∂wji(n)
= −ej(n)ϕ′j(vj(n))yi(n) = δj(n)yi(n). ´½½µ
Û��Ö� ϕ′j(vj(n)) �× Ø�� ��Ö�Ú�Ø�Ú� Ó� Ø�� �Ø�Ú�Ø�ÓÒ �ÙÒØ�ÓÒ Û�Ø� Ö�×Ô�Ø ØÓ vj(n)
�Ò� δj(n) �× Ø�� ÐÓ�Ð �Ö����ÒØ Ó� Ò�ÙÖÓÒ j �Ò �Ø�Ö�Ø�ÓÒ n ��℄º
ÌÓ Ø�� �����Ò Ð�Ý�Ö× Ò�ÙÖÓÒ×¸ �Ø �× Ð��Ö Ø��Ø Ø��Ö� �× ÒÓ �ÜÔ�Ø�� ÓÙØÔÙØº ÁÒ
Ø��× �×�¸ Ø�� �����Ò Ð�Ý�Ö Ò�ÙÖÓÒ �ÖÖÓÖ �× �ÐÙÐ�Ø�� Ö�ÙÖ×�Ú�ÐÝ �Ò �ÙÒØ�ÓÒ Ó�
Ø�� ÐÓ�Ð �Ö����ÒØ Ó� Ø�� �ÜØ�ÖÒ�Ð Ð�Ý�Ö×º Ì��× �× Ø�� Ñ��Ò ��Ö�Ø�Ö�×Ø� Ó� Ø��
���¹ÔÖÓÔ���Ø�ÓÒ �ÆÆº Ì�� ÐÓ�Ð �Ö����ÒØ δj(n) �ÓÖ � �����Ò Ò�ÙÖÓÒ �× ���Ò��
�× ��℄�
δj(n) = ϕ′j(vk(n))
�
k
δk(n)wkj(n). ´½¾µ
Ì�� Û����Ø ÙÔ��Ø� Δwji(n) �Ò �� �ÜÔÖ�××�� �×�
Δwji(n) = γΔwji(n− 1) + (1− γ)η
∂ǫ(n)
∂wji(n)
´½¿µ
Û�Ø� 0 ≤ γ ≤ 1º γ �× �ÐÐ�� �× ÑÓÑ�ÒØ Ø�ÖÑ¸ �Ò� η �× Ø�� Ð��ÖÒ�Ò� Ö�Ø�¸ Ø��Ø
�× ÙÔ��Ø�� �Ò ��� �Ø�Ö�Ø�ÓÒ �Ý �Ò �ÑÔ�Ö� ÖÙÐ� ���Ò�� �Ò ��℄º Ì�� Ù×� Ó� Ø��
Ð��ÖÒ�Ò� Ö�Ø� �Ò� ÑÓÑ�ÒØ Ø�ÖÑ �Ò �ÓÓ×Ø Ø�� �ÆÆ ØÖ��Ò�Ò� ÓÒÚ�Ö��Ò� ��℄º
Ì�� ÑÓÑ�ÒØ Ø�ÖÑ ��× ØÛÓ ÖÓÐ�×� �Ø Ø�Ò�× ØÓ ��Ð�Ö�Ø� Ø�� �ÖÖÓÖ ��Ö��×�Ò�
Û��Ò Ø�� ��×�ÒØ ��Ö�Ø�ÓÒ �× ×Ø��Ò�Ø��¸ Û��Ò Δwji �××ÙÑ�× Ø�� ×�Ñ� ×��Ò�Ð
´ÔÐÙ× ÓÖ Ñ�ÒÙ×µ �Ò ×Ù�××�Ú� �Ø�Ö�Ø�ÓÒ×º Ì��× Ø�ÖÑ ��× �Ð×Ó � ×Ø���Ð�Þ�Ø�ÓÒ ���Ø¸
Û��Ò Δwji Ó×�ÐÐ�Ø�× ��ØÛ��Ò ÔÓ×�Ø�Ú� �Ò� Ò���Ø�Ú� Ú�ÐÙ�× ��¸ ½½¸ ¾�℄º
�
�º �ÓÒØ�Ø Ô�Ö�Ñ�Ø�Ö× �×Ø�Ñ�Ø�ÓÒ Ñ�Ø�Ó�ÓÐÓ�Ý
Ì�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ �× Ø�� ÑÓ×Ø �ÑÔÓÖØ�ÒØ Ô�Ö�Ñ�Ø�Ö �Ò �
ÓÒØ�Ø �Ò�ÐÝ×�×¸ ×�Ò� �Ø× Ú�ÐÙ� �Ò�Ù�Ò�× Ø�� Ô�Ò�ØÖ�Ø�ÓÒ Ð�Ú�Ð ��ØÛ��Ò Ø��
ÓÒØ�Ø �Ó���×º À����Ö Kn Û�ÐÐ Ö�×ÙÐØ �Ò ÐÓÛ�Ö Ô�Ò�ØÖ�Ø�ÓÒ¸ �ÙØ ÒÙÑ�Ö��Ð �ÐÐ¹
ÓÒ��Ø�ÓÒ�Ò� Ñ�Ý �Ö�×�º À����Ö Ú�ÐÙ�× Ó� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× Û�ÐÐ �Ð×Ó
Ð��� ØÓ �Ò �ÒÖ��×� �Ò Ø�� ÓÒØ�Ø ÔÖ�××ÙÖ�¸ �ÙØ ÓÒÐÝ ÙÒØ�Ð Ø�� ÓÒØ�Ø ÔÖ�××ÙÖ�
Ö����× � K⋆nº �ÖÓÑ Ø��× ÔÓ�ÒØ¸ Ø�� ÓÒØ�Ø ×Ø��Ò�×× ÒÓ ÐÓÒ��Ö ���Ø× Ø�� ÓÒØ�Ø
ÔÖ�××ÙÖ�º
���Ù×Ø�Ò� Kn Ö�ÕÙ�Ö�× ×ÓÑ� ØÖ��Ð¹�Ò�¹�ÖÖÓÖ �×Ø�Ñ�Ø�¸ Û��� �Ò Ö�ÕÙ�Ö� ÓÑ¹
ÔÙØ�Ø�ÓÒ�Ð �Ò� �Ò�ÐÝ×Ø Ø�Ñ�º Ì�� ��Ñ�Ò×�ÓÒ× Ó� Ø�� ÔÖÓ�Ð�Ñ ´¾� ÓÖ ¿�µ Ñ�Ý
�ÒÖ��×� Ø�� �� ÙÐØ��× ØÓ ��Ø�ÖÑ�Ò� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�××º ÁØ �× Ð��Ö Ø��Ø
Ø�� �Ó�� Ó� Ø�� ÓÒØ�Ø ×Ø��Ò�×× �× ����ÐÝ Ö�Ð�Ø�� ØÓ Ø�� �Ò�ÐÝ×Ø �ÜÔ�Ö��Ò� �Ò
×ÓÐÚ�Ò� ����Ö�ÒØ ÓÒØ�Ø ÔÖÓ�Ð�Ñ×º
� ÑÓ��Ð Ø��Ø ÔÖÓÚ���× Kn ´ÓÖ knµ ��Ú�Ò �Ò ��ÔØ��Ð� �×Ø�Ñ�Ø� Ó� Ø�� Ô�Ò¹
�ØÖ�Ø�ÓÒ ��ØÛ��Ò Ø�� �Ó���× �× ����ÐÝ ��×�Ö��Ð�º
�º½º ¾� ×�ÑÔÐ���� ÑÓ��Ð× ØÓ ÔÖ���Ø ¿� ÓÒØ�Ø ×Ø��Ò�××
ÁÒ Ø��× ÛÓÖ�¸ Ø�� �×Ø�Ñ�Ø�ÓÒ Ó� Ø�� ÓÒØ�Ø ×Ø��Ò�×× �Ò �� Ô�Ö�ÓÖÑ�� �Ý ×�Ñ¹
ÔÐ���� ÑÓ��Ð× Ø��Ø �ÔØÙÖ�× Ø�� ��Ò�Ö�Ð �×Ô�Ø× Ó� Ø�� ÓÒØ�Ø ÔÖÓ�Ð�Ñº Ì��
��Ò�Ö�Ð ��Ñ�Ò×�ÓÒ× Ó� � ¿� ÔÖÓ�Ð�Ñ �Ò �� ��Ú�Ò �Ý ØÛÓ Ú��Û× Ó� Ø�� ÓÑÔÓ¹
Ò�ÒØ� Ø�� �ÖÓÒØ�Ð �Ò� Ø�� Ð�Ø�Ö�Ð Ú��Ûº Ì�� �ÖÓÒØ�Ð Ú��Û �Ò �� ��×Ö�Ø�Þ�� �Ò �
¾� Ñ�×�¸ Ö�ÔÖ�×�ÒØ�Ò� Ø�� Ñ��Ò �×Ô�Ø× Ó� Ø�� ÓÖ���Ò�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñº Ì��×
¾� ÓÒØ�Ø ÔÖÓ�Ð�Ñ �× Ø��Ò ×ÓÐÚ�� �Ò� Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ ´gmaxµ �Ò�
Ø�� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ ´ΔPmaxµ �Ö� Ó�Ø��Ò��º Ì�� ÓÒØ�Ø
ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ �× ��Ø�ÖÑ�Ò�� �ÓÖ��Ò� ØÓ�
ΔPi =
Pi+1 − Pi−1
Pi−1
´½�µ
Û��Ö� i �× � ×Ô��� ÓÒ��ÙÖ�Ø�ÓÒ Û��Ö� Ø�� ÓÒØ�Ø ÔÖ�××ÙÖ� Û�× Ø���Ò �× ×�ÓÛÒ
�Ò ���ÙÖ� ¿º
ÁØ �× �Ú���ÒØ Ø��Ø Ø�� �ÐÙÐ�Ø�� Ú�ÐÙ�× Ó� gmax �Ò� ΔPmax �ÖÓÑ Ø�� ¾�
ÓÒØ�Ø ÔÖÓ�Ð�Ñ �Ó ÒÓØ Ö�ÔÖ�×�ÒØ �ÙÖ�Ø�ÐÝ Ø�� ¿� ÔÖÓ�Ð�Ñ Ö�×ÙÐØ×º Ì�Ù×¸ �Ò
ÓÖ��Ö ØÓ �ÑÔÖÓÚ� Ø�� �×Ø�Ñ�Ø�ÓÒ¸ Ø�� Ð�Ø�Ö�Ð Ú��Û �× Ù×�� ØÓ �ÐÙÐ�Ø� � ÓÖÖ�Ø�ÓÒ
��ØÓÖ f ØÓ ÔÙØ Ø��×� Ô�Ö�Ñ�Ø�Ö× ÐÓ×�Ö ØÓ Ø�� �ÜÔ�Ø�� Ú�ÐÙ�× Ó� Ø�� ÓÖ���Ò�Ð
¿� ÔÖÓ�Ð�Ñº
Ì�� ÓÖÖ�Ø�ÓÒ ��ØÓÖ f �× Ó�Ø��Ò�� �ÖÓÑ Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ gB �ÓÙÒ�
�Ò Ø�� Ð�Ø�Ö�Ð Ú��Û ��Ú���� �Ý Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ gA Ó� Ø�� �ÖÓÒØ�Ð Ú��Û¸
½¼
Pi−1
Pi+1
ΔKn
ΔP
Kni−1 Kni+1
P
Kn
���ÙÖ� ¿� �ÓÒØ�Ø ÔÖ�××ÙÖ� ����Ú�ÓÙÖº
�××ÙÑ�Ò� Ø�� ×�Ñ� Ú�ÐÙ�× Ó� kn �Ò �ÓØ� ÑÓ��Ð×¸ �º�º¸
f =
gB
gA
´½�µ
Í×�Ò� Ø�� ×�ÑÔÐ���� ÑÓ��Ð×¸ � ��Ø� ×�Ø Ó� ÓÒØ�Ø Ö�×ÙÐØ× �× �××�Ñ�Ð��º Ì��
Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� Ø�� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ �Ö� Ù×�� ØÓ
ØÖ��Ò �Ò �ÆÆº �ÓØ� �ÒÔÙØ× �Ö� ÑÙÐØ�ÔÐ��� �Ý Ø�� ÓÖÖ�Ø�ÓÒ ��ØÓÖ f ���ÓÖ� �ÒÝ
�Ø�ÓÒ �× Ô�Ö�ÓÖÑ��¸ �× �ÐÐÙ×ØÖ�Ø�� �Ò ���ÙÖ� �º À�Ò�¸ Ø�� �×Ø�Ñ�Ø� Ó� kn �ÓÖ Ø��
ÓÖ���Ò�Ð ¿� ÓÒØ�Ø ÔÖÓ�Ð�Ñ �× Ø�� ÓÙØÔÙØ Ó� Ø�� Ò�ØÛÓÖ�º
f
�ÆÆ
g2Dmax
ΔP 2Dmax
g3Dmax
ΔP 3Dmax
k3Dn
���ÙÖ� �� Ê�ÔÖ�×�ÒØ�Ø�ÓÒ Ó� Ø�� �ÆÆ Û�Ø� Ø�� ÓÖÖ�Ø�ÓÒ ��ØÓÖº
Ï�Ø� Ø��× �ÓÖÑÙÐ�Ø�ÓÒ �Ø �× ÒÓØ Ò��××�ÖÝ ØÓ ×ÓÐÚ� Ø�� ÓÖ���Ò�Ð ¿� ÓÒØ�Ø
ÔÖÓ�Ð�Ñ ØÓ �Ò� �Ò �×Ø�Ñ�Ø�ÓÒ Ó� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖº Ì�� ×Ó¹
ÐÙØ�ÓÒ Ó� �ÓØ� ¾� ÓÒØ�Ø ÔÖÓ�Ð�Ñ× Ö�ÔÖ�×�ÒØ× � ×��Ò���ÒØ Ö��ÙØ�ÓÒ �Ò Ø��
ÓÑÔÙØ�Ø�ÓÒ�Ð Ø�Ñ� ØÓ �Ò� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖº
Ä�Ø Ù× Ö�Ñ�Ö� Ø��Ø Ø�� �ÆÆ �Ò �� Ù×�� ØÓ �×Ø�Ñ�Ø� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��¹
Ò�×× Ù×�Ò� Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� Ø�� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��¹
Ø�ÓÒ ��Ö�ØÐÝ �ÖÓÑ Ø�� ¿� ÓÒØ�Ø ÔÖÓ�Ð�Ñº Æ�Ú�ÖØ��Ð�××¸ ØÓ �Ù�Ð� � ØÖ��Ò�Ò� ×�Ø
�ÖÓÑ Ø�� ÓÖ���Ò�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñ �Ò ��Ñ�Ò� �Ù�� �ÑÓÙÒØ× Ó� ÓÑÔÙØ�Ø�ÓÒ�Ð
Ø�Ñ�º
½½
�º Ê�×ÙÐØ×
Ì�� ÔÓØ�ÒØ��Ð Ó� Ø�� �ÆÆ ØÓ ��Ø�ÖÑ�Ò� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ �×
�Ú�ÐÙ�Ø�� �Ò Ø��× ×�Ø�ÓÒº ËÓÑ� ¿� �Ü�ÑÔÐ�× Û�Ö� �ÔÔÖÓÜ�Ñ�Ø�� �Ý ¾� ÓÒØ�Ø
ÔÖÓ�Ð�Ñ× �Ò ÓÖ��Ö ØÓ ��Ò�Ö�Ø� ��Ø� �ÓÖ ØÖ��Ò�Ò� Ø�� �ÆÆº
Ì�� �Ü�ÑÔÐ�× ÓÒ×���Ö �Ò �×ÓØÖÓÔ� Ñ�Ø�Ö��Ð Û�Ø� �ÓÙÒ� ÑÓ�ÙÐÙ× E = 210
�È� �Ò� ÈÓ�××ÓÒ Ö�Ø�Ó ν = 0.3 �Ò� Ø�� ÔÐ�Ò� ×ØÖ�×× �ÝÔÓØ��×�×º
Ì�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ �Ö� Ù×��
�× �ÒÔÙØ× �ÓÖ Ø�� ���¹ÔÖÓÔ���Ø�ÓÒ �ÆÆ¸ ÔÖÓÚ���Ò� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�××
��ØÓÖ �Ø Ø�� �ÆÆ ÓÙØÔÙØº Ì�� �Ó×�Ò ØÖ��Ò�Ò� �Ð�ÓÖ�Ø�Ñ �× Ø�� �Ö����ÒØ Ñ�Ø�Ó�
Û�Ø� ÑÓÑ�ÒØÙÑ ��℄º Ì�� �ÆÆ �Ö��Ø�ØÙÖ� ÓÒ×�×Ø× �Ò Ø�Ö�� Ð�Ý�Ö×¸ Ù×�Ò� �
×��ÑÓ��� Ø�Ò��ÒØ��Ð �Ø�Ú�Ø�ÓÒ �ÙÒØ�ÓÒ ´ϕ(v) = ev−e−vev+e−v µ �ÓÖ Ø�� ØÛÓ �Ö×Ø Ð�Ý�Ö×¸
�Ò� � Ð�Ò��Ö �ÙÒØ�ÓÒ ´ϕ(v) = vµ �Ò Ø�� Ð�×Ø Ð�Ý�Öº Ì�� ÑÓÑ�ÒØ Ø�ÖÑ Ù×�� Û�×
0.6º � Ú�Ð���Ø�ÓÒ ×�Ø �× Ù×�� ØÓ Ú�Ö��Ý Ø�� ���ÒØ���Ø�ÓÒ �Ô���Ð�Ø��× Ó� Ø�� ØÖ��Ò��
�ÆÆº Ì�� �ÒÔÙØ× Ó� Ø�� Ú�Ð���Ø�ÓÒ ×�Ø Û�Ö� ÒÓØ Ù×�� �ÙÖ�Ò� Ø�� �ÆÆ ØÖ��Ò�Ò�º
ÁØ Û�× �××ÙÑ�� Ø��Ø Ø�� ÓÒ×���Ö�� ×Ô�� Ó� kn Ú�ÐÙ�× ´0.1 ≤ kn ≤ 100µ
ÓÒØ��Ò× Ø�� Ö�ÔÖ�×�ÒØ�Ø�Ú� ÓÒØ�Ø ×ÓÐÙØ�ÓÒ×º Ì�� Ù×�� ØÖ��Ò�Ò� ×�Ø× �ÖÓÑ �ÐÐ
�Ü�ÑÔÐ�× �Ò �� �ÓÙÒ� �Ò �ÔÔ�Ò��Ü �º
Ì�� Ö�Ð�Ø�Ú� �ÖÖÓÖ �× ���Ò�� �×�
error =
kn(network) − kn(expected)
kn(expected)
´½�µ
Û��Ö� kn(network) �× Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ ÔÖ���Ø�� �Ý Ø�� �ÆÆ¸
�Ò� kn(expected) �× Ø�� Ö��Ð Ú�ÐÙ� Ó� Ø�� Ô�Ö�Ñ�Ø�Öº
�º½º Ì¹×ØÖÙØÙÖ�
���ÙÖ� � Ö�ÔÖ�×�ÒØ× � �ÐÓ� ÓÚ�Ö � Ì¹×ØÖÙØÙÖ�º Ì��Ö� �× � ÙÒ��ÓÖÑ ��×ØÖ��ÙØ��
×ÙÖ��� ÐÓ�� ÓÒ Ø�� �ÐÓ� Ó� 92.69 ÅÈ� ´ØÓØ�Ð Ó� 10000 Nµº Ì�� ×ØÖÙØÙÖ� Û�×
ÑÓ��Ð�� Û�Ø� 13926 ÒÓ��× �Ò� 2760 �Ò�Ø� �Ð�Ñ�ÒØ× ´20¹ÒÓ��× ���µº ÇÒÐÝ ÓÒ�
ÕÙ�ÖØ�Ö Ó� Ø�� ×ØÖÙØÙÖ� Û�× ÑÓ��Ð�� �Ù� ØÓ Ø�� ×ÝÑÑ�ØÖÝ Ó� Ø�� ÔÖÓ�Ð�Ñº
�º½º½º �ÓÒØ�Ø ×Ø��Ò�×× �×Ø�Ñ�Ø�ÓÒ
ÌÛÓ ×�ÑÔÐ���� ¾� ÑÓ��Ð× Û�Ö� Ù×��� ½µ Ø�� �ÖÓÒØ�Ð Ú��Û ØÓ ��Ò�Ö�Ø� Ø��
ØÖ��Ò�Ò� ��Ø�¸ �Ò� ¾µ Ø�� Ð�Ø�Ö�Ð Ú��Û ØÓ �ÐÙÐ�Ø� Ø�� ÓÖÖ�Ø�ÓÒ ��ØÓÖ f º ���ÙÖ�
� �× ÓÑÔÓ×�� Ó� Ø�� �ÖÓÒØ�Ð Ú��Û ´Ð��Øµ �Ò� Ø�� Ð�Ø�Ö�Ð Ú��Û ´Ö���Øµº Ì�� �ÔÔÐ���
ÐÓ�� �× 92.69 ÅÈ�º
Ì�� ×ÙÖ��� ÐÓ�� Ó� Ð�Ø�Ö�Ð Ú��Û ÑÓ��Ð �× �Ð×Ó 92.69 ÅÈ�º Ë�Ò� Ø�� Ñ�×��×
Ó� Ø�� ØÛÓ ÔÖÓ�Ð�Ñ× �Ö� ÙÒ��ÓÖÑ ´×�Ñ� �Ò�Ø� �Ð�Ñ�ÒØ ×�Þ�µ¸ Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø
×Ø��Ò�×× �Ò �� ÓÒ×���Ö�� �ÕÙ�Ú�Ð�ÒØº ÀÓÛ�Ú�Ö¸ Ø�� Ô�Ò�ØÖ�Ø�ÓÒ Ö�×ÙÐØ× �Ö� ��×¹
Ø�ÒØ �ÓÖ ��� ÑÓ��Ðº Ì�� ÐÓ�Ø�ÓÒ Ó� Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �× �Ð×Ó �Ò���Ø��
½¾
���ÙÖ� �� ��Ò�Ø� �Ð�Ñ�ÒØ Ñ�×� ¹ Ì¹×ØÖÙØÙÖ�
5mm
5mm
5mm 5mm
6mm6mm
15mm
18mm
FF
A
B
���ÙÖ� �� Ì¹×ØÖÙØÙÖ� ÓÒØ�Ø ÔÖÓ�Ð�Ñº Ä��Ø� �ÖÓÒØ�Ð Ú��Ûº Ê���Ø� Ä�Ø�Ö�Ð Ú��Ûº
�Ò ���ÙÖ� � ´ÔÓ�ÒØ× � �Ò� �µº ÁÒ Ø��× �Ü�ÑÔÐ�¸ Ø�� ÓÖÖ�Ø�ÓÒ ��ØÓÖ Ó�Ø��Ò�� �×
f = 3.9º
½¿
�º½º¾º È�Ö�Ñ�Ø�Ö ���ÒØ���Ø�ÓÒ Ù×�Ò� �ÆÆ
Ì��Ð� �º� ×�ÓÛ× Ø�� ØÖ��Ò�Ò� ×�Ø Ó� Ø�� �ÆÆ Û�Ø�ÓÙØ Ø�� ��ØÓÖ f º Ì��
�ÆÆ Ó� Ø��× �Ü�ÑÔÐ� ��× ¾¼¼ Ò�ÙÖÓÒ× �Ò Ø�� �Ö×Ø Ð�Ý�Ö¸ ¾¼¼ Ò�ÙÖÓÒ× �Ò Ø��
×�ÓÒ� Ð�Ý�Ö �Ò� ½ Ò�ÙÖÓÒ �Ò Ø�� Ø��Ö� Ð�Ý�Öº Ì�� �ÆÆ Û�× ØÖ��Ò�� Û�Ø� ½¼¼¼¼
�Ø�Ö�Ø�ÓÒ×º ���ÙÖ�× �´�µ �Ò� �´�µ �ÐÐÙ×ØÖ�Ø�× Ø�� �ÆÆ ØÖ��Ò�Ò� �ÓÖ ��� �ÒÔÙØº
ÇÒ� �Ò Ó�×�ÖÚ� Ø��Ø �ÓÖ kn < 0.5¸ Ø�� �ÆÆ �Ó�× ÒÓØ �××Ó��Ø� Ø�� Ô�Ò�ØÖ�Ø�ÓÒ
�Ò� ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ Û�Ø� �Ø× ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖº
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ÌÖ��Ò�Ò�
Ë�ÑÙÐ�Ø�ÓÒ
kn
Δ
P
m
a
x
´�µ �ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ
���ÙÖ� �� �ÆÆ ½ ØÖ��Ò�Ò� Ö�×ÙÐØ×º
Ì��Ð� ½ �ÐÐÙ×ØÖ�Ø�× Ø�� �ÆÆ Ô�ØØ�ÖÒ Ð�××���Ø�ÓÒ �Ô���Ð�ØÝ �ÓÖ Ø�� Ú�Ð���Ø�ÓÒ
×�Ø¸ Û��Ö� � �ÓÓ� ÓÖÖ�Ð�Ø�ÓÒ ��ØÛ��Ò ���ÒØ���� �Ò� Ù×�� kn �× �ØØ��Ò��º
Ì��Ð� ½� �ÆÆ ½ Ô�Ö�Ñ�Ø�Ö �×Ø�Ñ�Ø�ÓÒ ¹ Î�Ð���Ø�ÓÒ ×�Øº
gmax ΔPmax kn(network) kn(expected) error(%)
6.4527× 10−6 1.5734× 10−3 3.57 3.5 1.93
2.6675× 10−6 3.9802× 10−5 8.53 8.5 0.40
1.7463× 10−6 1.8929× 10−5 13.30 13 2.28
6.8904× 10−7 3.3383× 10−6 30.95 33 −6.21
4.1361× 10−7 1.2487× 10−6 56.42 55 2.58
3.3957× 10−7 8.4687× 10−7 69.97 67 4.43
Ì��Ð� ¾ ×�ÓÛ× Ø�� ���ÒØ���Ø�ÓÒ ÔÓØ�ÒØ��Ð Ó� Ø�� �ÆÆ ØÓ ÔÖ���Ø Ø�� ÒÓÖÑ�Ð
ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ Ó� Ø�� ¿¹��Ñ�Ò×�ÓÒ�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñº ÁØ �× �ÑÔÓÖØ�ÒØ
ØÓ Ö�Ñ�Ö� Ø��Ø Ø�� �ÆÆ Û�× ØÖ��Ò�� �ÖÓÑ ��Ø� Ó� Ø�� ¾¹��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ×º
Ì�� Ð�Ö��×Ø �ÖÖÓÖ �× ��Ú�Ò �ÓÖ kn = 3¸ ÐÓ×� ØÓ Ø�� Ð�Ñ�Ø Ö�Ò�� Ó� Ø�� ØÖ��Ò�Ò� ×�Øº
½�
Ì��Ð� ¾� �ÜØÖ�ÔÓÐ�Ø�ÓÒ ØÓ Ø�� ¿� ÔÖÓ�Ð�Ñ ¹ �ÆÆ ½º
gmax ΔPmax kn(network) kn(expected) error(%)
7.5015× 10−5 7.6508× 10−2 1.04 1 3.98
2.6671× 10−5 1.4517× 10−2 3.56 3 18.62
1.6314× 10−5 6.4407× 10−3 5.78 5 15.66
8.3043× 10−6 2.0133× 10−3 11.40 10 14.04
4.1835× 10−6 3.8881× 10−5 20.50 20 2.52
2.1007× 10−6 1.2341× 10−5 41.02 40 2.56
1.4031× 10−6 7.0955× 10−6 65.74 60 9.56
1.0536× 10−6 5.1661× 10−6 85.48 80 6.85
8.4363× 10−7 4.2177× 10−6 99.10 100 −0.90
�º¾º �Ð�×Ø� ×Ô��Ö� �Ò ÓÒØ�Ø Û�Ø� Ö���� ×ÙÖ���
���ÙÖ� � Ö�ÔÖ�×�ÒØ× � ¿¹��Ñ�Ò×�ÓÒ�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñ Ó� �Ò �Ð�×Ø� ×Ô��Ö� �Ò
ÓÒØ�Ø Û�Ø� � Ö���� ×ÙÖ��� Û��Ö� �Ò �Ò�ÐÝØ��Ð ×ÓÐÙØ�ÓÒ �× �ÒÓÛÒ �½¼℄º
���ÙÖ� �� ��Ò�Ø� �Ð�Ñ�ÒØ Ñ�×� ¹ �Ð�×Ø� ×Ô��Ö� �Ò ÓÒØ�Ø Û�Ø� Ö���� ×ÙÖ���º
Ì�� �Ò�ÐÝØ��Ð Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ� �× ��Ú�Ò �Ý�
pmax =
3F
2πa2 ´½�µ
Û��Ö� pmax �× Ø�� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ�¸ F �× Ø�� �ÔÔÐ��� ÐÓ�� �Ò� a �× Ø��
ÓÒØ�Ø �Ö�� �Ò� �× ��Ú�Ò �Ý�
a =
3
�
3Fd
8
1− ν2
E
´½�µ
Ì�� ×Ô��Ö� ��× � ���Ñ�Ø�Ö d = 20 mm �Ò� �Ø Û�× ��×Ö�Ø�Þ�� Û�Ø� 135400
ÒÓ��× �Ò� 32000 ¾¼¹ÒÓ�� �Ò�Ø� �Ð�Ñ�ÒØ×º �Ù� ØÓ Ø�� ×ÝÑÑ�ØÖÝ¸ ÓÒÐÝ ÓÒ�¹����Ø�
Ó� Ø�� ÔÖÓ�Ð�Ñ Û�× ÑÓ��Ð��º Ì�� �ÔÔÐ��� ÐÓ�� �× F = 4000 N º
½�
�º¾º½º �ÓÒØ�Ø ×Ø��Ò�×× �×Ø�Ñ�Ø�ÓÒ
Ì�� ×�ÑÔÐ���� ¾¹��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ �× � �×Ð��� Ó� Ø�� ×Ô��Ö�º Ì�� ��×Ø
Ö�ÔÖ�×�ÒØ�Ø�ÓÒ Ó� Ø��× �×Ð��� �× � ÝÐ�Ò��Ö Ó� �Ò�Ò�Ø�×�Ñ�Ð Ð�Ò�Ø�¸ �Ò� �× �ÐÐÙ×ØÖ�Ø��
�Ò ���ÙÖ� �º �Ù� ØÓ Ø�� ÔÖÓ�Ð�Ñ ×ÝÑÑ�ØÖÝ¸ ÓÒÐÝ ÓÒ� ÕÙ�ÖØ�Ö Ó� Ø�� ÝÐ�Ò��Ö �×
ÑÓ��ÐÐ��º
r
F
���ÙÖ� �� �Ð�×Ø� ×Ô��Ö� ÓÒØ�Ø ÔÖÓ�Ð�Ñ ¹ �ÖÓÒØ�Ð Ú��Ûº
Ì��× ÔÖÓ�Ð�Ñ ��× �Ò �Ò�ÐÝØ��Ð ×ÓÐÙØ�ÓÒ¸ Û��Ö� Ø�� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�×¹
×ÙÖ� �× ��Ú�Ò �Ý�
pmax =
2F2D
πbL ´½�µ
Û��Ö� L �× Ø�� Ð�Ò�Ø� Ó� Ø�� ÝÐ�Ò��Ö �Ò� Ø�� ÓÒØ�Ø �Ö�� b �×
b =
�
2F2Dd
πL
1− ν2
E
´¾¼µ
�Ù� ØÓ Ø�� ÔÐ�Ò� ×ØÖ�×× �ÝÔÓØ��×�×¸ Ø�� ��×Ö�Ø�Þ�� ÝÐ�Ò��Ö ��× � ÙÒ�Ø�ÖÝ
Ø���Ò�×× ´L = 1 mmµº �××ÙÑ�Ò� Ø��Ø Ø�� ÓÒØ�Ø ÔÖ�××ÙÖ� �Ò Ø�� ¾� ÑÓ��Ð
�× Ø�� ×�Ñ� �ÖÓÑ Ø�� ¿� ÔÖÓ�Ð�Ñ¸ �Ò� �ÖÓÑ �Õ×º ´½�µ �Ò� ´½�µ¸ Û� Ó�Ø��Ò
F2D = 7540.2 N º Ì�� �ÔÔÐ��� �ÓÖ� ��× Ø�� ÔÖÓÔ�ÖØÝ ØÓ �ÑÔÓ×� Ø�� ×�Ñ� Ð�Ú�Ð
Ó� ÓÒØ�Ø ÔÖ�××ÙÖ� �Ò� Ô�Ò�ØÖ�Ø�ÓÒ �ÓÖ �ÓØ� ����Ñ�Ò×�ÓÒ�Ð �Ò� ØÖ���Ñ�Ò×�ÓÒ�Ð
ÑÓ��Ð×º
�º¾º¾º È�Ö�Ñ�Ø�Ö ���ÒØ���Ø�ÓÒ Ù×�Ò� �ÆÆ
Ì��Ð� �º� ÓÒØ��Ò× Ø�� ��Ø� Ù×�� ØÓ ØÖ��Ò Ø�� �ÆÆº Ì�� ÓÖÖ�Ø�ÓÒ ��ØÓÖ
�ÓÖ Ø��× ÔÖÓ�Ð�Ñ �× f = 1.0¸ ×�Ò� �Ø Û�× �××ÙÑ�� Ø�� ×�Ñ� Ð�Ú�Ð Ó� Ô�Ò�ØÖ�Ø�ÓÒ
�ÓÖ �ÓØ� ×�ÑÔÐ���� �Ò� ÓÖ���Ò�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñ×º
Ì��× �ÆÆ ��× �¼¼ Ò�ÙÖÓÒ× �Ò Ø�� �Ö×Ø Ð�Ý�Ö¸ ¾¼¼ Ò�ÙÖÓÒ× �Ò Ø�� ×�ÓÒ�
Ð�Ý�Ö �Ò� ½ Ò�ÙÖÓÒ �Ò Ø�� Ø��Ö� Ð�Ý�Öº Ì�� �ÆÆ Û�× ØÖ��Ò�� Û�Ø� ½�¼¼¼ �Ø�Ö�¹
½�
Ø�ÓÒ×º ���ÙÖ�× ½¼´�µ �Ò� ½¼´�µ �ÐÐÙ×ØÖ�Ø� Ø�� �ÆÆ ØÖ��Ò�Ò� ÔÖÓ�××¸ Û��Ö� �ÓØ�
Ô�Ò�ØÖ�Ø�ÓÒ �Ò� ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ �Ö� ÔÖÓÔ�ÖÐÝ ���ÒØ����º
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ÌÖ��Ò�Ò�
Ë�ÑÙÐ�Ø�ÓÒ
kn
Δ
P
m
a
x
´�µ �ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ
���ÙÖ� ½¼� �ÆÆ ¾ ØÖ��Ò�Ò� Ö�×ÙÐØ×º
Ì��Ð� ¿ ×�ÓÛ× Ø�� �ÆÆ Ö�×ÙÐØ× Ó� Ø�� Ú�Ð���Ø�ÓÒ ×�Øº �ÓÓ� ��Ö��Ñ�ÒØ �×
����Ú�� ��ØÛ��Ò Ø�� ÔÖ���Ø�ÓÒ Ó� Ø�� �ÆÆ �Ò� Ø�� �ÜÔ�Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø
×Ø��Ò�×× ��ØÓÖº
Ì��Ð� ¿� �ÆÆ ¾ Ô�Ö�Ñ�Ø�Ö �×Ø�Ñ�Ø�ÓÒ ¹ Î�Ð���Ø�ÓÒ ×�Øº
gmax ΔPmax kn(network) kn(expected) error(%)
1.2621× 10−4 8.1723× 10−5 3.31 3.5 −5.38
5.2058× 10−5 1.4425× 10−5 9.03 8.5 6.24
3.4052× 10−5 6.2296× 10−6 13.28 13 2.13
1.3421× 10−5 9.7783× 10−7 31.58 33 −4.31
8.0538× 10−6 3.5319× 10−7 59.98 55 9.06
6.6115× 10−6 2.3749× 10−7 72.15 67 7.69
Ì�� ���ÒØ���Ø�ÓÒ Ó� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ �ÖÓÑ Ø�� ÓÖ���Ò�Ð
¿¹��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ �× ��Ú�Ò �Ò Ì��Ð� �º Ê��×ÓÒ��Ð� ��Ö��Ñ�ÒØ ��ØÛ��Ò Ø��
Ù×�� �Ò� Ø�� ���ÒØ���� kn �× Ó�Ø��Ò��º Ì�� �����Ö �ÖÖÓÖ �× 14.50% �ÓÖ kn = 60¸
Û��� �Ò �� ÓÒ×���Ö�� �Ò ��ÔØ��Ð� �ÖÖÓÖ �ÓÖ � ���� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�××
��ØÓÖº
�º¿º �ÓÒÒ�Ø�Ò�¹ÖÓ� ×Ñ�ÐÐ �Ò� ÓÒØ�Ø ÔÖÓ�Ð�Ñ
���ÙÖ� ½½ �ÐÐÙ×ØÖ�Ø�× Ø�� Ñ�×� Ó� Ø�� ÓÒÒ�Ø�Ò� ÖÓ� ×Ñ�ÐÐ �Ò� �Ò ÓÒØ�Ø
Û�Ø� Ø�� Ô�×ØÓÒ Ô�Òº Ì�� ÑÓ��Ð �× ��×Ö�Ø�Þ�� Û�Ø� 86199 ÒÓ��×¸ 7199 ¾¼¹ÒÓ��
½�
Ì��Ð� �� �ÜØÖ�ÔÓÐ�Ø�ÓÒ ØÓ Ø�� ¿� ÔÖÓ�Ð�Ñ ¹ �ÆÆ ¾º
gmax ΔPmax kn(network) kn(expected) error(%)
4.2445× 10−4 3.2344× 10−4 0.98 1 −1.54
1.408 × 10−4 1.3296× 10−4 3.06 3 1.95
8.4334× 10−5 5.7434× 10−5 5.12 5 2.36
5.6167× 10−5 2.7843× 10−5 8.35 7.5 11.34
4.2102× 10−5 1.6343× 10−5 11.22 10 12.18
2.8053× 10−5 7.5752× 10−6 15.27 15 1.77
2.1033× 10−5 4.3506× 10−6 19.02 20 −4.91
1.0512× 10−5 1.1218× 10−6 43.85 40 9.62
7.007 × 10−6 5.0396× 10−7 68.70 60 14.50
5.2549× 10−6 2.8538× 10−7 84.95 80 6.19
4.2037× 10−6 1.8357× 10−7 95.24 100 −4.76
�Ò�Ø� �Ð�Ñ�ÒØ× �Ò� 32226 ½¼¹ÒÓ�� �Ò�Ø� �Ð�Ñ�ÒØ×º ����Ò¸ ÓÒÐÝ ÓÒ� ÕÙ�ÖØ�Ö Ó� Ø��
ÔÖÓ�Ð�Ñ �× ��×Ö�Ø�Þ��º Ì�� Ô�Ò Ó� Ø��× ÑÓ��Ð �× ×Ù���Ø ØÓ � Ú�ÖØ��Ð ��×ØÖ��ÙØ��
�ÓÖ� F = 40000 N º ÌÓ ×�ÑÔÐ��Ý Ø��× ÔÖÓ�Ð�Ñ¸ Ø�� ÐÓÛ�Ö Ô�ÖØ Ó� Ø�� ÓÒÒ�Ø�Ò�
ÖÓ� Û�× ÒÓØ ��×Ö�Ø�Þ��º
���ÙÖ� ½½� ��Ò�Ø� �Ð�Ñ�ÒØ Ñ�×� ¹ ÓÒÒ�Ø�Ò� ÖÓ� ×Ñ�ÐÐ �Ò� �Ò ÓÒØ�Ø Û�Ø� Ø�� Ô�×ØÓÒ Ô�Òº
�º¿º½º �ÓÒØ�Ø ×Ø��Ò�×× �×Ø�Ñ�Ø�ÓÒ
���ÙÖ� ½¾ �× � ×��Ø� Ó� Ø�� ¿¹��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ¸ Û��� �ÒÐÙ��× ×ÓÑ� Ø��
��Ñ�Ò×�ÓÒ× Ó� Ø�� ÓÒÒ�Ø�Ò� ÖÓ� �Ò� Ø�� ��×ØÖ��ÙØ�ÓÒ Ó� Ø�� �ÔÔÐ��� �ÓÖ� ÓÚ�Ö
Ø�� Ô�Òº
½�
F
F
A
B
x
y
10.4mm
15.8mm
45◦
19mm
12.1mm
45.1mm
4
1
.0
2
6
m
m
7
6
m
m
19.4mm
25.1mm
11mm
6mm
���ÙÖ� ½¾� �ÓÒÒ�Ø�Ò� ÖÓ� ÓÒØ�Ø ÔÖÓ�Ð�Ñº Ä��Ø� �ÖÓÒØ�Ð Ú��Ûº Ê���Ø� Ä�Ø�Ö�Ð Ú��Ûº
Ì�� Ô�Ò ��× � �ÓÐ� Ó� ���Ñ�Ø�Ö d = 19 mmº ÁØ �× ÒÓØ ÔÓ××��Ð� ØÓ ÑÓ��Ð
� �ÓÐ� �Ò � Ô�Ò �Ò � ¾¹��Ñ�Ò×�ÓÒ�Ð¸ �Ò� � �ÙÐÐ Ô�Ò �Ó�× ÒÓØ Ö�ÔÖ�×�ÒØ Ø�� Ô�Ò
����Ú�ÓÖ ÓÖÖ�ØÐÝº À�Ò�¸ � ×�ÑÔÐ� ÖÙÐ� Û�× Ù×�� ØÓ ��� Ø�� ����Ú�ÓÖ Ó� Ø��
ÓÖ���Ò�Ð Ô�Ò ØÓ Ø�� ¾� ÑÓ��Ð¸ ÓÒÒ�Ø�Ò� Ø�� ÙÔÔ�Ö Ô�Ò ÒÓ��× ØÓ Ø�� ÐÓÛ�Ö ÒÓ��×
�Ò Ø�� ×�ÑÔÐ���� ÑÓ��Ð¸ �× ×�ÓÛÒ �Ò ���ÙÖ� ½¿º Ì�� ��×��� Ð�Ò�× �ÐÐÙ×ØÖ�Ø� Ø��
ÓÙÔÐ�Ò� ��ØÛ��Ò Ø�� ÙÔÔ�Ö �Ò� ÐÓÛ�Ö Ô�Ò ÒÓ��×º
Ì�� ÓÙÔÐ�Ò� ÖÙÐ� �× ��Ú�Ò �Ý�
ULy = (0.0029628xpin + 0.70231)U
S
y ´¾½µ
Û��Ö� ULy �Ò� U
S
y �Ö� Ø�� Ú�ÖØ��Ð ��×ÔÐ��Ñ�ÒØ Ó� Ø�� ÐÓÛ�Ö �Ò� ÙÔÔ�Ö Ô�ÖØ Ó�
Ø�� Ô�Ò¸ Ö�×Ô�Ø�Ú�ÐÝº Ì�� ÖÙÐ� Û�× Ó�Ø��Ò�� �Ý �ÒØ�ÖÔÓÐ�Ø�Ò� Ø�� ��×ÔÐ��Ñ�ÒØ
Ó� Ø�� ÙÔÔ�Ö �Ò� ÐÓÛ�Ö ÒÓ��× Ó� Ø�� �ÓÐ� �ÖÓÑ Ø�� ÓÖ���Ò�Ð Ô�Ò �ÓÖ��Ò� ØÓ Ø��
ÔÓ×�Ø�ÓÒ xpin �ÐÓÒ� Ø�� Ô�Òº
�ÓÖ Ø�� �ÖÓÒØ�Ð Ú��Û¸ Ø�� �ÔÔÐ��� ÐÓ�� Ù×�� �× F = 400002π×20.513/8 = 2482.8 N
�Ò� �ÓÖ Ø�� Ð�Ø�Ö�Ð Ú��Û F = 4000025.1 = 1593.6 N º Ì�� ÓÖÖ�Ø�ÓÒ ��ØÓÖ f Û�×
�ÐÙÐ�Ø�� Ù×�Ò� Ø�� ÓÒØ�Ø ×ÓÐÙØ�ÓÒ �Ø ÔÓ×�Ø�ÓÒ× A �Ò� B �Ò ���ÙÖ� ½¾º ÁÒ Ø��×
ÔÖÓ�Ð�Ñ¸ Ø��× Ú�ÐÙ� �× f = 3.17º
½�
Fx
y
xpin
���ÙÖ� ½¿� �ÓÙÔÐ�Ò� Ó� Ø�� ��×ÔÐ��Ñ�ÒØ �Ò y ��Ö�Ø�ÓÒ
�º¿º¾º È�Ö�Ñ�Ø�Ö ���ÒØ���Ø�ÓÒ Ù×�Ò� �ÆÆ
Ì�� �ÆÆ ��Ø� Ó� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ�
Ú�Ö��Ø�ÓÒ �Ö� ×�ÓÛÒ �Ò Ì��Ð� �º½¼º Ì��× �ÆÆ ��× ½¼¼ Ò�ÙÖÓÒ× �Ò Ø�� �Ö×Ø Ð�Ý�Ö¸
½¼¼ Ò�ÙÖÓÒ× �Ò Ø�� ×�ÓÒ� Ð�Ý�Ö �Ò� ÓÒ� Ò�ÙÖÓÒ �Ò Ø�� Ø��Ö� Ð�Ý�Öº Ì�� �ÆÆ Û�×
ØÖ��Ò�� Û�Ø� ½¼¼¼¼ �Ø�Ö�Ø�ÓÒ×º ���ÙÖ�× ½�´�µ �Ò� ½�´�µ �ÐÐÙ×ØÖ�Ø�× Ø�� ×�ÑÙÐ�Ø��
Ö�×ÙÐØ× Ó� Ø�� �ÆÆº
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ÌÖ��Ò�Ò�
Ë�ÑÙÐ�Ø�ÓÒ
kn
Δ
P
m
a
x
´�µ �ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ
���ÙÖ� ½�� �ÆÆ ¾ ØÖ��Ò�Ò� Ö�×ÙÐØ×º
Ì��Ð� � ×�ÓÛ× Ø�� Ð�××���Ø�ÓÒ Ó� Ø�� �ÆÆ �ÓÖ Ø�� Ú�Ð���Ø�ÓÒ ×�Øº Ì�� �ÆÆ
�× ��Ð� ØÓ ���ÒØ��Ý ����Ö�ÒØ ØÝÔ�× Ó� Ô�Ò�ØÖ�Ø�ÓÒ �Ò� ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ
¾¼
ÓÖÖ�ØÐÝº
Ì��Ð� �� �ÆÆ ¿ Ô�Ö�Ñ�Ø�Ö �×Ø�Ñ�Ø�ÓÒ ¹ Î�Ð���Ø�ÓÒ ×�Øº
gmax ΔPmax kn(network) kn(expected) error(%)
2.0144× 10−5 1.049 × 10−5 3.56 3.5 1.70
8.2962× 10−6 1.7661× 10−6 8.37 8.5 −1.53
5.4247× 10−6 7.4666× 10−7 13.17 13 1.29
2.1371× 10−6 1.1665× 10−7 31.01 33 −6.02
1.2823× 10−6 3.9735× 10−8 56.62 55 2.95
1.0526× 10−6 2.8929× 10−8 70.28 67 4.90
Ì�� ���ÒØ���� kn �ÖÓÑ Ø�� ¿¹��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ �× ��Ú�Ò �Ò Ì��Ð� �º Ì��
�ÆÆ Û�× ��Ð� ØÓ Ö�Ó�Ò�Þ� ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ× ÓÖÖ�ØÐÝ �ÓÖ kn > 5º �ÓÖ
kn ≤ 5¸ Ø�� ����Ö�Ò� Ó� Ø�� ×�ÑÙÐ�Ø�ÓÒ �Ò� Ø�� �ÜÔ�Ø�� Ú�ÐÙ� Ó� kn �× ØÓÓ Ð�Ö��º
Ì�� ÔÓ××��Ð� Ö��×ÓÒ �ÓÖ Ø��× ����Ú�ÓÖ �× Ø��Ø Ø�� Ú�ÐÙ�× Ó� gmax �Ò� ΔPmax �Ö�
ÒÓØ Û�ÐÐ Ö�ÔÖ�×�ÒØ�� �Ò Ø�� ¾� ÓÒØ�Ø ×ÓÐÙØ�ÓÒº
Ì��Ð� �� �ÜØÖ�ÔÓÐ�Ø�ÓÒ ØÓ Ø�� ¿¹��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ ¹ �ÆÆ ¿º
gmax ΔPmax kn(network) kn(expected) error(%)
2.2387× 10−3 1.7658× 10−3 1.48 1 47.75
7.7728× 10−5 1.866 × 10−2 102.72 3 3324.10
4.717 × 10−5 8.4348× 10−5 8.02 5 60.39
3.1482× 10−5 2.1417× 10−5 7.82 7.5 4.24
2.3606× 10−5 6.4776× 10−6 9.59 10 −4.07
1.5732× 10−5 7.3811× 10−6 15.64 15 4.26
1.1795× 10−5 5.8523× 10−6 20.49 20 2.43
5.8903× 10−6 4.0818× 10−6 43.79 40 9.47
3.9245× 10−6 2.1972× 10−6 67.83 60 13.05
2.9424× 10−6 1.2525× 10−6 85.31 80 6.64
2.3535× 10−6 8.4786× 10−7 97.67 100 −2.33
�º ��×Ù××�ÓÒ
���ÙÖ� ½� ×�ÓÛ× Ø�� ×ÓÐÙØ�ÓÒ Ø�Ñ� �ÓÖ ×�Ú�Ö�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ× Ó�
Ø�� ÓÒÒ�Ø�Ò� ÖÓ� ×Ñ�ÐÐ¹�Ò� ÓÒØ�Ø ÔÖÓ�Ð�Ñº ÁØ �× �ÜÔ�Ø�� �����Ö ×ÓÐÙØ�ÓÒ
Ø�Ñ�× �ÓÖ �����Ö kn Ú�ÐÙ�×º Ì�� �Ò�ÐÝ×Ø ÑÙ×Ø �Ò� �Ò �ÔÔÖÓÔÖ��Ø� Ú�ÐÙ� Ó�
kn Ø��Ø �ÑÔÐ��× �Ò � ×Ñ�ÐÐ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� �Ó�× ÒÓØ �Ò�Ù�Ò� Ø�� ÒÙÑ�Ö��Ð
¾½
ÓÒ��Ø�ÓÒ�Ò� Ó� Ø�� ×Ý×Ø�Ñ ×Ø��Ò�×× Ñ�ØÖ�Ü¸ Û��� �× ØÖ���Ø�ÓÒ�ÐÐÝ �ÓÒ� �Ý ØÖ��Ð¹
�Ò�¹�ÖÖÓÖ �ÔÔÖÓ���×º ��� ÓÑÔÙØ�Ö �Ó� �Ü�ÙØ�� ØÓ �Ò� Ø�� ÓÖÖ�Ø Ú�ÐÙ� Ó�
kn Ö�×ÙÐØ× �Ò Û�×Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð Ø�Ñ�º
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���ÙÖ� ½�� �ÓÑÔÙØ�Ø�ÓÒ�Ð Ø�Ñ� �Ò� ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ ����Ú�ÓÖº
Ì�� Ù×� Ó� � ØÖ��Ò�� �ÆÆ �ÐÐÓÛ× ØÓ Ñ��� � Ö��×ÓÒ��Ð� �×Ø�Ñ�Ø�ÓÒ Ó� k⋆n ØÓ
� ��Ú�Ò Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ¸ Û�Ø�ÓÙØ Ø�� �ÒÓÒÚ�Ò��ÒØ Ó� Ø�� ØÖ��Ð¹�Ò�¹�ÖÖÓÖ
�×Ø�Ñ�Ø�ÓÒº Ì��× �×Ø�Ñ�Ø�� kn Û�ÐÐ �� �Ò ×ÓÑ� ×Ù�¹ÓÔØ�ÑÙÑ Ö���ÓÒ¸ Ò��Ö k
⋆
n¸
×�ÓÛÒ �Ò ���ÙÖ� ½�º
Ì�Ñ�
ËÙ�¹ÓÔØ�ÑÙÑ Ö���ÓÒ
kn(network)
k⋆n
t⋆
kn
���ÙÖ� ½�� ���Ò�Ø�ÓÒ Ó� ×Ù�¹ÓÔØ�ÑÙÑ Ö���ÓÒº
Ì�� Ð�×Ø ÓÒ×���Ö�Ø�ÓÒ ��ÓÙØ Ø�� Ù×� Ó� Ø�� �ÆÆ �Ò Ø�� ���ÒØ���Ø�ÓÒ Ó�
ÓÒØ�Ø Ô�Ö�Ñ�Ø�Ö× �× Ø�� ØÖ��Ò�Ò� Ø�Ñ�º Ë�Ò� Ø�� ÓÑÔÐ�Ü�ØÝ ��ØÛ��Ò gmax¸
ΔPmax �Ò� kn Ú�Ö��× �ÓÖ ��� ÓÒØ�Ø ÔÖÓ�Ð�Ñ¸ ×ÓÑ� ØÖ��Ò�Ò� ×�Ø× Ö�ÕÙ�Ö� ÑÓÖ�
Ø�Ñ� Ø��Ò ÓØ��Ö× ØÓ �� Ð��ÖÒ�� �Ý Ø�� �ÆÆº �Ð×Ó¸ Ø�� �Ö��Ø�ØÙÖ� Ó� Ø�� �ÆÆ
¾¾
´ÒÙÑ��Ö Ó� Ð�Ý�Ö×¸ ÒÙÑ��Ö Ó� Ò�ÙÖÓÒ× Ô�Ö Ð�Ý�Öµ �× �ÑÔÓÖØ�ÒØ ØÓ Ø�� ÓÑÔÙØ�Ò�
Ø�Ñ�º Ì��Ð� � ×�ÓÛ× Ø�� Ù×�� Ø�Ñ� ØÓ ØÖ��Ò ��� �ÆÆº ÁØ Û�× Ù×�� � ÕÙ�� �ÇÊ�
�� ¾º�� �ÀÞ Û�Ø� � �� Ê�Åº
Ì��Ð� �� �ÆÆ ØÖ��Ò�Ò� Ø�Ñ�º
Æ�ØÛÓÖ� Ì�Ñ�´×µ
�ÆÆ ½ ½½¿
�ÆÆ ¾ ¾��
�ÆÆ ¿ ½��
�ÓÖ Ø�� �Ò�ÐÝÞ�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ×¸ Ø�� ØÖ��Ò�Ò� Ø�Ñ� �Ò �� ÓÒ×���Ö�� �Ö¹
Ö�Ð�Ú�ÒØ ÓÑÔ�Ö�� ØÓ Ø�� Ø�Ñ� ØÓ ×ÓÐÚ� � ¿¹��Ñ�Ò×�ÓÒ�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñ¸ �ÓÖ
�Ü�ÑÔÐ�º
�º �ÓÒÐÙ×�ÓÒ×
Ì�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× �× ÓÒ� Ó� Ø�� ÑÓ×Ø �ÑÔÓÖØ�ÒØ Ô�Ö�Ñ�Ø�Ö× Ó�
Ø�� ÓÒØ�Ø ÔÖÓ�Ð�Ñ Û��Ò ÑÓ��Ð�� �Ý �Ò�Ø� �Ð�Ñ�ÒØ×º Ì��× Ú�ÐÙ� ÒÓÖÑ�ÐÐÝ
��Ô�Ò�× ÓÒ Ø�� �ÜÔ�Ö��Ò� Ó� Ø�� �Ò�ÐÝ×Ø Û�Ø� ÓÒØ�Ø ÔÖÓ�Ð�Ñ×¸ �Ò� Ø��× �Ó��
�× ÖÙ��Ð ØÓ Ø�� Ö�Ð�Ú�Ò� Ó� Ø�� ÓÒØ�Ø ×ÓÐÙØ�ÓÒº � ×Ñ�ÐÐ Ú�ÐÙ� Ñ�Ý Ð��� ØÓ
� �����Ö Ô�Ò�ØÖ�Ø�ÓÒ �Ò� ØÓ � ÒÓÒ¹Ö�ÔÖ�×�ÒØ�Ø�Ú� ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒº �
���� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× Û�ÐÐ �Ò Ð��� ØÓ � ÐÓÛ�Ö Ô�Ò�ØÖ�Ø�ÓÒ �Ò� ØÓ � ��ØØ�Ö
ÓÒØ�Ø ÔÖ�××ÙÖ�¸ �ÙØ ÒÙÑ�Ö��Ð �ÐÐ¹ÓÒ��Ø�ÓÒ�Ò� Ñ�Ý ÓÙÖº
Ì�� Ù×� Ó� ÑÙÐØ�Ð�Ý�Ö �ÆÆ ØÓ �×Ø�Ñ�Ø� Ø�� ÒÓÖÑ�Ð ÓÒØ�Ø ×Ø��Ò�×× ��ØÓÖ Ó�
¿� ÓÒØ�Ø ÔÖÓ�Ð�Ñ× Û�× ��×Ù××�� �Ò Ø��× ÛÓÖ�º ËÓÑ� Ó� Ø�� ÓÒØ�Ø Ö�×ÔÓÒ×�×
×Ù� �× Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� Ñ�Ü�ÑÙÑ ÓÒØ�Ø ÔÖ�××ÙÖ� Ú�Ö��Ø�ÓÒ Û�Ö�
Ù×�� �× �ÒÔÙØ ØÓ �Ò �ÆÆº Ì��×� ��Ø� Û�× Ó�Ø��Ò�� �ÖÓÑ ¾� ×�ÑÔÐ���� ÑÓ��Ð×
Û��� �ÔØÙÖ� Ø�� Ñ��Ò ���ØÙÖ�× Ó� Ø�� ÓÖ���Ò�Ð ÔÖÓ�Ð�Ñº ÇØ��Ö ØÝÔ�× Ó� ÑÓ��Ð×
ÓÙÐ� �� �ÑÔÐÓÝ�� �× Û�ÐÐ �Ò ÓÖ��Ö ØÓ �××�Ñ�Ð� � ØÖ��Ò�Ò� ×�Ø �ÓÖ Ø�� �ÆÆ¸
�ÓÖ �Ò×Ø�Ò�¸ ����Ö�ÒØ ¿� �Ò�ÐÝ×�× Û�Ø� ×�Ñ�Ð�Ö ��ÓÑ�ØÖÝ �Ò� ÐÓ���Ò� Ñ�Ý ��Ú�
�ÑÔÓÖØ�ÒØ �Ò�ÓÖÑ�Ø�ÓÒ ��ÓÙØ Ø�� Ñ�Ü�ÑÙÑ Ô�Ò�ØÖ�Ø�ÓÒ �Ò� Ñ�Ü�ÑÙÑ ÓÒØ�Ø
ÔÖ�××ÙÖ� �Ò Ø�� �Ö�� Ó� �ÒØ�Ö�×Øº
Ì��× ÛÓÖ� ×�ÓÛ× Ø��Ø Ø�� ØÖ��Ò�� �ÆÆ Û�Ö� ��Ð� ØÓ �×Ø�Ñ�Ø� Ø�� ÓÒØ�Ø
×Ø��Ò�×× �ÓÖ Ø�� ÓÖ���Ò�Ð ÓÒØ�Ø ÔÖÓ�Ð�Ñ �ÚÓ���Ò� Ø�� ØÖ��Ð¹�Ò�¹�ÖÖÓÖ Ñ�Ø�Ó�¸
×�Ú�Ò� ×��Ò���ÒØ Ø�Ñ� �Ò ÓÖ��Ö ØÓ ���Ù×Ø Ø�� ÓÒØ�Ø ×Ø��Ò�×× Ú�ÐÙ�º
¾¿
��ÒÓÛÐ���Ñ�ÒØ
Ì�� �ÙØ�ÓÖ× Ø��Ò� Ì�Ý××�ÒÃÖÙÔÔ Å�Ø�Ð�Ö��� ��ÑÔÓ Ä�ÑÔÓ ÄØ�� ´��ÑÔÓ
Ä�ÑÔÓ ¹ Ë�Ó È�ÙÐÓ ¹ �Ö�Þ�Ðµ �ÓÖ Ø�� �Ò�Ò��Ð ×ÙÔÔÓÖØº
�ÔÔ�Ò��Ü �º �ÆÆ ØÖ��Ò�Ò� ×�Ø×
Ì�� Ù×�� ØÖ��Ò�Ò� ×�Ø× Ó� Ø�� �Ü�ÑÔÐ�× �Ö� Ð�×Ø�� �Ò Ø��× ×�Ø�ÓÒº Ì��Ð�
�º� ÓÖÖ�×ÔÓÒ�× ØÓ Ø�� Ì¹×ØÖÙØÙÖ� �Ü�ÑÔÐ�º Ì��Ð� �º� ÔÖ�×�ÒØ× Ø�� ØÖ��Ò�Ò�
×�Ø Ó� Ø�� �Ð�×Ø� ×Ô��Ö� ÓÒØ�Ø �Ü�ÑÔÐ�º ��Ò�ÐÐÝ¸ Ì��Ð� �º½¼ Ö�ÔÖ�×�ÒØ× Ø��
ÓÒÒ�Ø�Ò�¹ÖÓ� ÓÒØ�Ø ÔÖÓ�Ð�Ñº
Ì��Ð� �º�� �ÆÆ ½ ØÖ��Ò�Ò� ×�Øº
gmax ΔPmax kn
1 2.2809 × 10−3 2.3298 × 10−1 0.1
2 1.1264 × 10−3 6.972× 10−2 0.2
3 7.4783 × 10−5 2.5396 × 10−2 0.3
4 5.6001 × 10−5 9.0656 × 10−3 0.4
5 4.4779 × 10−5 1.9308 × 10−3 0.5
6 3.7316 × 10−5 1.4823 × 10−3 0.6
7 3.1993 × 10−5 3.1793 × 10−3 0.7
8 2.8004 × 10−5 4.0138 × 10−3 0.8
9 2.4903 × 10−5 4.389× 10−3 0.9
10 2.2423 × 10−5 4.5107 × 10−3 1
11 7.5216 × 10−6 1.9268 × 10−3 3
12 4.5252 × 10−6 9.4131 × 10−5 5
13 3.2369 × 10−6 5.5057 × 10−5 7
14 2.2686 × 10−6 3.01× 10−5 10
15 1.8915 × 10−6 2.1839 × 10−5 12
16 1.514× 10−6 1.4614 × 10−5 15
17 1.3362 × 10−6 1.1622 × 10−5 17
18 1.1361 × 10−6 8.602× 10−6 20
19 5.6857 × 10−7 2.3064 × 10−6 40
20 3.7916 × 10−7 1.0498 × 10−6 60
21 2.8442 × 10−7 5.9728 × 10−7 80
22 2.2756 × 10−7 3.944× 10−7 100
¾�
Ì��Ð� �º�� �ÆÆ ¾ ØÖ��Ò�Ò� ×�Øº
gmax ΔPmax kn
1 4.0654 × 10−3 7.0726 × 10−2 0.1
2 1.0788 × 10−3 7.9896 × 10−3 0.4
3 6.2471 × 10−4 1.6032 × 10−3 0.7
4 4.8713 × 10−4 1.0324 × 10−3 0.9
5 4.3883 × 10−4 8.5539 × 10−4 1
6 1.4718 × 10−4 1.1× 10−4 3
7 8.8423 × 10−5 4.0868 × 10−5 5
8 5.5307 × 10−5 1.6256 × 10−5 8
9 4.4257 × 10−5 1.0468 × 10−5 10
10 3.6888 × 10−5 7.2996 × 10−6 12
11 2.9515 × 10−5 4.6915 × 10−6 15
12 2.6045 × 10−5 3.6598 × 10−6 17
13 2.214× 10−5 2.65× 10−6 20
14 1.1073 × 10−5 6.6651 × 10−7 40
15 7.3827 × 10−6 2.9717 × 10−7 60
16 5.5373 × 10−6 1.672× 10−7 80
17 4.43× 10−6 1.0728 × 10−7 100
Ì��Ð� �º½¼� �ÆÆ ¿ ØÖ��Ò�Ò� ×�Øº
gmax ΔPmax kn
1 6.7188 × 10−3 2.0058 × 10−2 0.1
2 1.7573 × 10−3 1.1837 × 10−2 0.4
3 1.0057 × 10−3 2.7316 × 10−3 0.7
4 7.8252 × 10−5 1.6358 × 10−3 0.9
5 7.0437 × 10−5 1.3204 × 10−3 1
6 2.3499 × 10−5 1.4308 × 10−5 3
7 1.4102 × 10−5 5.1195 × 10−6 5
8 8.8146 × 10−6 1.9926 × 10−6 8
9 7.0519 × 10−6 1.2727 × 10−6 10
10 5.8767 × 10−6 8.8358 × 10−7 12
11 4.7015 × 10−6 5.6448 × 10−7 15
12 4.1484 × 10−6 4.3949 × 10−7 17
13 3.5262 × 10−6 3.1901 × 10−7 20
14 1.7631 × 10−6 8.0458 × 10−8 40
15 1.1754 × 10−6 3.0841 × 10−8 60
16 8.8159 × 10−7 2.0281 × 10−8 80
17 7.0527 × 10−7 2.2477 × 10−8 100
¾�
Ê���Ö�Ò�×
�½℄ �ÆË�Ë¸ ¾¼¼�º �ÆË�Ë �ÓÒØ�Ø Ì��ÒÓÐÓ�Ý �Ù���º
�¾℄ ���Ö�Ò×¸ �º¸ Ë���×Ø�ÐÐ¸ Àº¸ ½���º ¾� �Ò� ¿� ×�ÑÙÐ�Ø�ÓÒ Ó� ÓÑÔÐ�Ü ÑÙÐ¹
Ø�×Ø��� �ÓÖ��Ò� ÔÖÓ�××�× �Ý Ù×� Ó� ���ÔØ�Ú� �Ö�Ø�ÓÒ Ó����ÒØº ÂÓÙÖÒ�Ð Ó�
Å�Ø�Ö��Ð× ÈÖÓ�××�Ò� Ì��ÒÓÐÓ�Ý �¼¹�½¸ ¾���¿¼¿º
�¿℄ ��Ò���ØØ�¸ Áº¸ �Ð������¸ Åº Àº¸ ¾¼½¿º � Ø�Ö��¹��Ñ�Ò×�ÓÒ�Ð 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